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Abstract: Induced theory is a candidate theory of the origin of physical constants. In the
induced theory, physical constants originate from a coupling of the physical system with an
external field. In this paper, we show that if such an external field, often a scalar field, as
it should be in the real physical world, is a quantum field, then the physical constant given
by the induced theory will have a time- and/or space-dependent quantum correction, so
that the quantum corrected physical constant is no longer a constant. Detecting whether
a physical constant is a constant can be used as a criterion for judging whether a theory
is an induced theory. We consider three induced models. (1) In induced gravity, the
gravitational constant originates from a coupling of the gravitational field with a scalar field.
We show that if the scalar field is a quantum field, the gravitational constant is no longer
a constant, but has a time- and/or space-dependent quantum correction. The quantum
correction of the gravitational constant is different in different spacetime. We calculate the
quantum correction in the Schwarzschild spacetime, the H3 (Euclidean AdS3) spacetime,
theH3/Z spacetime, the universe model, the de Sitter spacetime, and the Rindler spacetime.
Whether the gravitational constant varies with time and space serves as a criterion for
judging whether the gravity is induced gravity or Einstein gravity, for in Einstein gravity
the gravitational constant is a time- and space-independent constant. (2) We build a
toy induced scalar field model. In this model, the mass and the self-interacting coupling
constant of a matter scalar field are induced by coupling the matter field with another scalar
field. In the quantum case, both the mass and the coupling constant of the matter field
will have a time- and/or space-dependent quantum correction and are no longer constants.
(3) In addition to field theory, we build a toy induced mechanics model. In this induced
mechanics model, the mass and the coupling constant of a mechanical system are induced
by coupling the mechanical system with an external mechanical system. When the external
mechanical system is a quantum mechanical system, the mass and the coupling constant
have a time- and/or space-dependent quantum correction.
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1 Introduction
Physical constants are determined phenomenologically. There is no generally accepted
theory of the origin of physical constants. Zee proposed an induced gravity model [1]. In the
induced gravity, the gravitational constant originates from a coupling of the gravitational
field and a scalar field. Nevertheless, we cannot experimentally distinguish whether gravity
is Einstein gravity or induced gravity. The gravitational constant in both Einstein gravity
and induced gravity is the same phenomenological constant. In this paper, we suggest a
criterion for judging whether gravity is Einstein gravity or induced gravity. Concretely,
in induced gravity, there is a scalar field who induces the gravitational constant through
a coupling with the gravity field. The scalar field in Zee’s induced gravity is a classical
field. The gravitational constant induced by this classical scalar field is a constant and is
the same as the gravitational constant in Einstein gravity. A physical field, however, as
it should be, must be a quantum field rather than a classical field. We show that if the
scalar field in the induced gravity is a quantum field, there will be a quantum correction
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on the gravitational constant. The quantum corrected gravitational constant is no longer a
constant, for the quantum correction varies with time and space. That is to say, if gravity
is induced gravity, the gravitational constant is not a constant at the quantum level, but
if gravity is Einstein gravity, the gravitational constant is a constant. In this way, whether
the gravitational constant varies with time and space can be used as a criterion for judging
whether gravity is Einstein gravity or induced gravity.
The quantum correction of the gravitational constant is different in different spacetimes.
In this paper, as examples, we calculate the quantum correction of the gravitational constant
in the Schwarzschild spacetime, the H3 (Euclidean AdS3) spacetime, the H3/Z spacetime,
the universe models, the Rindler spacetime, and the de sitter spacetime.
We also build an induced scalar field model. In this model, the mass and the coupling
constant of the matter scalar field originate from a coupling of the matter scalar field with
an external scalar field. This external scalar field plays the role of the scalar field in induced
gravity. In order to distinguish the external scalar field from the matter scalar field, we
call this external scalar field an unobservable field in the later, though its existence can
be observed by observing the gravity and the matter field. As in induced gravity, if the
unobservable scalar field is a classical field, the mass and the coupling constant of the matter
scalar field are constants determined phenomenologically, and it cannot be experimentally
distinguished between induced theory and non-induced theory. However, if the unobservable
field is a quantum field, then the mass and the coupling constant of the matter scalar field
given by the induced scalar field model will be corrected at a quantum level. The quantum-
corrected mass and the quantum-corrected coupling constant of the matter scalar field are
no longer constants, and may depend on time and spatial coordinates. Based on this, we
can distinguish whether the theory is an induced theory.
In addition to field theory, we build a toy mechanical model. In this mechanical model,
the mass and the coupling constant of the mechanical system are induced by a coupling
between this mechanical system and an unobservable mechanical system. Similarly, when
the unobservable mechanical system is a quantum mechanical system, the mass and coupling
constant of the mechanical system will have a quantum correction which varies with time
and space. Similarly, when the unobservable mechanical system is a quantum mechanical
system, the mass and coupling constant of the mechanical system will have a quantum
correction that varies with time and space. This mechanical model helps to explain our
point at an elementary level.
The focus of this paper is to propose a criterion for judging whether the physical world
is described by an induced theory, through observing whether the physical constant is a
constant. To illustrate the main concept clearly, we construct the toy models as simply
as possible, without considering various real physical mechanisms such as the symmetry
breaking mechanism in Zee’s induced gravity. When needed, along this line of thought,
such a criterion can be applied to various models. In this sense, the result of this paper
is qualitative rather than quantitative, aiming to give a criterion for judging whether the
physical world is described by the induced theory.
In the model, the matter field, such as the gravitational field and the matter scalar
field, is taken as a classical field, and the unobservable scalar field is taken as a quantum
– 2 –
field. However, this model can be transformed into the case that both the matter field and
the unobservable field are quantum fields directly so long as the matter field is a quantum
field.
Indued gravity theory has been applied in cosmology, such as induced gravity in
Bianchi-I cosmological models [2], the reconstruction technique of the potential for scalar
fields in induced-gravity based cosmological models [3], induced gravity dark energy models
[4], and the quantum backreaction of the scalar and the tensor perturbations in induced
gravity [5]. Black holes [6] and black hole entropies [7] in induced gravity are considered.
Induced gravity with scalar fields and non-Abelian gauge interactions are studied [8, 9].
The Schwinger-DeWitt technique for the covariant curvature expansion of effective actions
for brane induced gravity are developed [10, 11]. The criterion defining single-field models
leading to Starobinsky-like inflation [12], the induced gravity on the Dvali-Gabadadze-
Porrati brane [13–15], and the Wheeler-DeWitt equation for induced gravity models [16]
are studied.
In this paper, the physical constant, such as the gravitational constant, the mass, and
the coupling constant, has a time- and space-dependent quantum correction. The variation
of physical constants with time has been discussed for a long time [17, 18]. The effect
of a nonconstant gravitational constant in cosmology is also considered theoretically and
experimentally [19–21]. The result of the present paper provides a physical mechanism of
nonconstant physical constants.
In section 2, we consider the quantum correction of the gravitational constant. As
examples, we calculate the quantum correction of the gravitational constant in various
spacetimes, including the Schwarzschild spacetime, the H3 (Euclidean AdS3) spacetime, the
H3/Z spacetime, the universe model, the Rindler spacetime, and the de sitter spacetime.
In section 3, we build an induced scalar field model and consider the quantum correction
of the mass and the coupling constant. In section 4, we build an induced mechanical model
and consider the quantum correction of the mass and the coupling constant in mechanics.
Section 5 is devoted to conclusions and outlook.
2 Gravity: quantum correction of gravitational constant
In Einstein gravity and induced gravity, the gravitational constant is a phenomenological
parameter determined by experiments, which is the same in Einstein gravity and induced
gravity. In this section we show that in induced gravity, the gravitational constant should
have a quantum correction, for the scalar field in the real physical world must be a quantum
field. This quantum correction of the gravitational constant is not a constant but varies
with time and space. Detecting whether the gravitational constant is whether or not a
constant can determine whether the gravity is induced gravity.
2.1 Quantum correction of gravitational constant
The action of gravity is
I =
∫
d4x
√−g 1
16πG
R, (2.1)
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where G is the gravitational constant and R is the Ricci scalar. First construct an induced
gravity model. Introduce an unobservable scalar field Φ and couple the scalar field Φ to
the gravitational field in the following way:
I =
∫
d4x
√−g
[
χ (Φ)R+
1
2
gµν∂µΦ∂νΦ− V (Φ)
]
. (2.2)
Zee’s induced gravity [1] can be recovered by taking χ (Φ) = 12ǫΦ
2 in this model.
From the view of the scalar field Φ, the action (2.2) describes a coupling between
the scalar field Φ and the gravity. From the view of the gravitational field, however, by
comparison with Eq. (2.1), χ (Φ) plays the role of the reciprocal of the gravitational constant
G.
The field equation of the unobservable field Φ, by the action (2.2), reads
− 1√−g ∂µ
(√−ggµν∂νΦ) = −dVeff (Φ)
dΦ
, (2.3)
where
Veff (Φ) = −χ (Φ)R+ V (Φ) . (2.4)
In the model, the gravitational constant G is the reciprocal of χ (Φ). In the classical
picture, the gravitational constant G is a constant, so χ (Φ) must be a constant. This
requires that the solution of the unobservable field Φ must be a stable classical ground-state
solution: Φ = Φ0, so that χ (Φ) = χ (Φ0) is a constant. The classical ground state Φ = Φ0 is
the position of the minimum value of Veff (Φ) given by V
′
eff
(Φ0) = 0. In the classical picture,
the gravitational constant is a constant and is independent of the gravitational field itself.
This requires that though in Eq. (2.4) Veff (Φ) depends on the Ricci scalar R, the position
of the minimum value of Veff (Φ) should not depend on R. For this purpose, we choose the
position of the minimum value of χ (Φ) and the position of the minimum value of V (Φ) are
the same, so that the position of the minimum value of Veff (Φ) is the same as the minimum
value of χ (Φ) and the minimum value of V (Φ). Consequently, the classical ground state
Φ = Φ0 which is the position of the minimum value of Veff (Φ) is also the position of the
minimum values of χ (Φ) and V (Φ), i.e., V ′
eff
(Φ0) = V
′ (Φ0) = χ′ (Φ0) = 0.
In a word, in the classical picture, the gravitational constant is given by
G =
1
16πχ (Φ0)
. (2.5)
The scalar field Φ is in the classical ground state: Φ = Φ0. The classical ground state
Φ = Φ0 is the position of the minimum values of χ (Φ) and V (Φ) and the the minimum
values of χ (Φ) and V (Φ) are the same.
Nevertheless, in the real physical world a scalar field must be a quantum field. That
is, in the induced gravity model, the unobservable scalar field Φ should be a quantum
field. In the following we show that if the unobservable scalar field Φ is a quantum field,
the gravitational constant will have a quantum correction. Such a quantum correction is
not a constant, but may depend on the time and the space coordinate. As a result, the
– 4 –
gravitational constant G is no longer a constant. This can be used as a criterion for judging
whether gravity is induced gravity.
Next we calculate the quantum correction of the gravitational constant.
Denote the classical solution of the classical field equation (2.3) as Φcl. To calculate
the quantum correction, we use the method provided in Ref. [22]. Write the quantum field
Φ as
Φ = Φcl + η, (2.6)
where η is the quantum fluctuation or the quantum correction of the scalar field.
Substituting Eq. (2.6) into the field equation (2.3), expanding around η = 0, and
keeping only the first-order contribution give[
− 1√−g∂µ
(√−ggµν∂νΦcl)+ V ′ (Φcl)−Rχ′ (Φcl)
]
+
[
− 1√−g∂µ
(√−ggµν∂νη)+ [V ′′ (Φcl)− χ′′ (Φcl)R] η
]
= 0. (2.7)
The part in the first square bracket vanishes because this is just the classical field equation.
Then we arrive at an equation of the quantum fluctuation η,
− 1√−g∂µ
(√−ggµν∂νη) + [V ′′ (Φcl)− χ′′ (Φcl)R] η = 0. (2.8)
It can be seen that the quantum fluctuation η depends on the classical solution Φcl and the
metric of spacetime.
After solving the quantum fluctuation η from Eq. (2.8), we can calculate the quantum
correction of the gravitational constant.
Expanding χ (Φ) around η = 0, we have
χ (Φ) = χ (Φcl + η) = χ (Φcl) +
1
2
χ′′ (Φcl) η
2 + · · · . (2.9)
The reason why the leading contribution is the η2 term is that the η term vanishes for
χ′ (Φcl) = 0. The quantum corrected gravitational constant by Eqs. (2.5) and (2.9) then
reads
GQ =
1
16πχ (Φ)
=
1
16π
[
χ (Φcl) +
1
2χ
′′ (Φcl) η2
]
≃ G
[
1− 1
2
χ′′ (Φcl)
χ (Φcl)
η2
]
, (2.10)
where GQ denotes the quantum corrected gravitational constant and G is the classical
Newtonian gravitational constant. The quantum correction η is given by Eq. (2.8). In
our case, the classical solution of the scalar field is the classical ground-state solution, i.e.,
Φcl = Φ0, so
GQ = G
[
1− 1
2
χ′′ (Φ0)
χ (Φ0)
η2
]
. (2.11)
– 5 –
It can be seen from the equation of the quantum fluctuation (2.8) that the quantum
correction of the gravitational constant depends on the spacetime metric gµν . In the classical
picture, the gravitational constant in different spacetime is the same, but the quantum
corrections to the gravitational constant in different spacetimes are different.
In the following, we calculate the quantum correction of the gravitational constant in
various spacetimes.
In the following, we will not use the concrete function form of χ (Φ) and V (Φ). The
result apples to any χ (Φ) and V (Φ) so long as they are lower bounded. In different
theories χ (Φ) and V (Φ) are different, e.g., in Zee’s induced gravity χ (Φ) = 12ǫΦ
2 [1] and
in Φ4-theory V (Φ) = λΦ4.
2.2 Schwarzschild spacetime
Consider the quantum correction of the gravitational constant in the Schwarzschild space-
time.
In the Schwarzschild spacetime,
ds2 = −
(
1− 2M
r
)
dt2 +
1
1− 2Mr
dr2 + r2dθ2 + r2 sin2 θdϕ2, (2.12)
the radial equation of the unobservable field, by Eq. (2.3), after variable separation
Φ (t, r, θ, ϕ) = cos (ωt)φ (r)Y (θ, ϕ), reads(
1− 2M
r
)
φ′′ (r)+
2 (r −M)
r2
φ′ (r)− l (l + 1)
r2
φ (r)−V ′ (φ (r))+ ω
2
1− 2Mr
φ (r) = 0, (2.13)
where we assume that the potential depends only on the radial part of the field, V (Φ) =
V (φ (r)) .
In the classical picture, the fact that the gravitational constant given by Eq. (2.5) is
a constant requires that the classical solution is a stable classical ground-state solution of
the unobservable field. Therefore, we only concern ourselves with the classical ground state
which corresponds to ω = 0 and l = 0:(
1− 2M
r
)
φ′′ (r) +
2 (r −M)
r2
φ′ (r)− V ′ (φ (r)) = 0. (2.14)
The equation of the quantum fluctuation η is given by substituting φ = φcl + η into
Eq. (2.14) and keeping only the leading contribution:
r − 2M
r
η′′ (r) +
2 (r −M)
r2
η′ (r)− V ′′ (φcl) η (r) = 0. (2.15)
To solve Eq. (2.15), we use the variable substitution [23]
z =
r
M
− 1 (2.16)
to convert Eq. (2.15) to a confluent Heun equation
d
dz
[(
z2 − 1) dy (z)
dz
]
+
[
−p2 (z2 − 1)+ 2pβz − λ− m2 + s2 + 2msz
z2 − 1
]
y (z) = 0, (2.17)
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where
p = M
√
V ′′ (φcl),
m = s = 0,
β = −M
√
V ′′ (φcl),
λ = 2V ′′ (φcl)M
2. (2.18)
The solution of the confluent Heun equation (2.17) is the confluent Heun function [24]
y (z) = H(α)c (p, α, γ, δ, σ; z)
with
γ = m+ s+ 1,
δ = m− s+ 1,
α = −β +m+ 1,
σ = λ− 2p (β −m− s− 1)−m (m+ 1) . (2.19)
Then the quantum fluctuation reads
η = CH(α)c
(
M
√
V ′′ (φcl),
[
M
√
V ′′ (φcl) + 1
]
, 1, 1,
[
4M2V ′′ (φcl) + 2M
√
V ′′ (φcl)
]
;
r
M
− 1
)
.
(2.20)
The quantum corrected gravitational constant by Eq. (2.10) is
GQ = G
{
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
×
[
H(α)c
(
M
√
V ′′ (φcl),
[
M
√
V ′′ (φcl) + 1
]
, 1, 1,
[
4M2V ′′ (φcl) + 2M
√
V ′′ (φcl)
]
;
r
M
− 1
)]2}
.
(2.21)
In induced gravity, the gravitational constant in the Schwarzschild spacetime depends on
the radial coordinate r. Here and after the constant in the quantum correction, e.g., C in
Eq. (2.21), can be viewed as a form factor to be determined phenomenologically.
For r →∞, the asymptotics of the quantum fluctuation is [23–25]
η ∼ M
r −M cos
(√
V ′′ (φcl) (r −M) +M
√
V ′′ (φcl) ln 2
√
V ′′ (φcl) (r −M)
)
, (2.22)
and for r → 2M , the asymptotics of the quantum fluctuation is
η ∼ e
√
V ′′(φcl)r
[
1− 1
2
(
−4MV ′′ (φcl) + 2
√
V ′′ (φcl)
)
(r − 2M)
]
. (2.23)
2.3 H3 (Euclidean AdS3) spacetime
The AdS3 space and the Euclidean BTZ black hole is an important topic in gravity [26–
30]. Next we consider the quantum correction of the gravitational constant in the three-
dimensional hyperbolic space H3 (Euclidean anti-de Sitter space AdS3). H3 is a three-
dimensional subspace of the flat four-dimensional spacetime: ds2 = dX21 −dT 21 +dX22 +dT 22
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with the constraint X21 − T 21 +X22 + T 22 = −l2 [31, 32]. The metric is
ds2 = l2
(
dρ2 + cosh2 ρdφ2 + sinh2 ρdθ2
)
. (2.24)
The equation of the quantum fluctuation (2.8) with the metric (2.24) reads
− ∂
2η
∂ρ2
− cosh
2 ρ+ sinh2 ρ
cosh ρ sinh ρ
∂η
∂ρ
− 1
cosh2 ρ
∂2η
∂φ2
− 1
sinh2 ρ
∂2η
∂θ2
+
[
l2V ′′ (Φcl) + 6χ
′′ (Φcl)
]
η = 0
(2.25)
The variable separation
η = f (ρ) cos (k1φ) cos (k2θ) (2.26)
gives the radial equation of the quantum fluctuation,
− d
2f (ρ)
dρ2
− cosh
2 ρ+ sinh2 ρ
cosh ρ sinh ρ
df (ρ)
dρ
−
[
k21
cosh2 ρ
+
k22
sinh2 ρ
− l2V ′′ (Φcl)− 6χ′′ (Φcl)
]
f (ρ) = 0
(2.27)
It is reasonable to assume that the quantum fluctuation is in the ground state, so we only
consider the case of k1 = k2 = 0:
d2f (ρ)
dρ2
+
cosh2 ρ+ sinh2 ρ
cosh ρ sinh ρ
df (ρ)
dρ
− [l2V ′′ (Φcl) + 6χ′′ (Φcl)] f (ρ) = 0 (2.28)
The solution of Eq. (2.28) is
f (ρ) = C1 P[√l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ)+C2Q[√l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ) ,
(2.29)
where Pν (z) is the Legendre function and Qν (z) the Legendre function of the second kind.
Since Q[√
l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ) diverges at ρ→ 0, we choose C2 = 0:
f (ρ) = C P[√
l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ) . (2.30)
where C = C1. Then the quantum fluctuation
η = C P[√
l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ) (2.31)
The quantum corrected gravitational constant, by substituting Eq. (2.31) into (2.10),
is
GQ ≃ G
{
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
P[√
l2V ′′(Φcl)+6χ′′(Φcl)+1−1
]
/2
(cosh 2ρ)
}
. (2.32)
2.4 H3/Z spacetime
The H3/Z spacetime, a quotient space of H3, is the geometry of the Euclidean BTZ black
hole [32–34]. The metric of the H3/Z (Euclidean AdS3) spacetime is given by [34]
ds2 = gµνdx
µdxν =
dy2 + dzdz¯
y2
(2.33)
– 8 –
with y = ρ sin θ, z = ρ cos θeiφ and 1 ≤ ρ < e2piτ , 0 ≤ θ < pi2 , 0 ≤ φ < 2π:
ds2 =
1
ρ2 sin2 θ
dρ2 +
1
sin2 θ
dθ2 + cot2 θdφ2. (2.34)
The equation of the quantum fluctuation is obtained by substituting the metric (2.34) into
Eq. (2.8),
− sin2 θ
(
ρ2
∂2η
∂ρ2
+ ρ
∂η
∂ρ
)
−
(
sin2 θ
∂2η
∂θ2
− tan θ∂η
∂θ
)
− tan2 θ ∂
2η
∂φ2
+
[
V ′′ (Φcl) + 6χ
′′ (Φcl)
]
η = 0. (2.35)
The variable separation
η = f (ρ) g (θ) cos (kφ) (2.36)
gives
− ρ2d
2f (ρ)
dρ2
− ρdf (ρ)
∂ρ
= κf (ρ) , (2.37)
d2g (θ)
dθ2
− 1
sin θ cos θ
dg (θ)
dθ
−
{
1
sin2 θ
[
V ′′ (Φcl) + 6χ
′′ (Φcl)
]
+ k2
1
cos2 θ
}
g (θ) = κg (θ) .
(2.38)
It is reasonable to believe that the world is in its ground state, so we only consider the
ground state of the quantum fluctuation, i.e., k = 0 and κ = 0:
− ρ2 d
2f (ρ)
dρ2
− ρdf (ρ)
∂ρ
= 0, (2.39)
d2g (θ)
dθ2
− 1
sin θ cos θ
dg (θ)
dθ
− 1
sin2 θ
[
V ′′ (Φcl) + 6χ
′′ (Φcl)
]
g (θ) = 0. (2.40)
The solution of Eq. (2.39) is
f (ρ) = C1 ln ρ (2.41)
and the solution of Eq. (2.40) is
g (θ) = C2 (sin θ)
−
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
× F
([
−
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2,
[
−
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2
−
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
; sin2 θ
)
+ C3 (sin θ)
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
× F
([√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2,
[√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2√
V ′′(Φcl)+6χ′′(Φcl)+1+1
; sin2 θ
)
, (2.42)
where F
(
a,b
c ; z
)
=2 F1 (a; b; c, z) is the hypergeometric function [35]. The first term in Eq.
(2.42) diverges when θ = 0, so we choose C2 = 0 and then the solution reads
g (θ) = C3 (sin θ)
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
× F
([√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2,
[√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2√
V ′′(Φcl)+6χ′′(Φcl)+1+1
; sin2 θ
)
. (2.43)
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Then the quantum fluctuation is
η = f (ρ) g (θ)
= C ln ρ (sin θ)
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
× F
([√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2,
[√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2√
V ′′(Φcl)+6χ′′(Φcl)+1+1
; sin2 θ
)
, (2.44)
where C = C1C3.
The quantum corrected gravitational constant by Eq. (2.10) then reads
GQ ≃ G
{
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
ln2 ρ
[
(sin θ)
√
V ′′(Φcl)+6χ′′(Φcl)+1+1
× F
([√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2,
[√
V ′′(Φcl)+6χ′′(Φcl)+1+1
]
/2√
V ′′(Φcl)+6χ′′(Φcl)+1+1
; sin2 θ
)]2
 . (2.45)
2.5 Universe model
Next we consider the quantum correction of the gravitational constant in the universe
model.
In the spacetime described by the Robertson-Walker metric,
gµν = diag
(
−1, a
2 (t)
1− kr2 , a
2 (t) r2, a2 (t) r2 sin2 θ
)
(2.46)
with a (t) the scale factor and k the curvature, the field equation of the unobservable scalar
field Φ by the action (2.2) reads
Φ¨ + 3
a˙
a
Φ˙ + V ′ (Φ)− 6χ′ (Φ)
(
a¨
a
+
a˙2
a2
+
k
a2
)
= 0. (2.47)
Taking only the leading contribution into account, we here use the classical solution of the
scale factor a (t).
The equation of the quantum fluctuation of the unobservable field by Eq. (2.8) reads
η¨ + 3
a˙
a
η˙ +
[
V ′′ (Φcl)− 6χ′′ (Φcl)
(
a¨
a
+
a˙2
a2
+
k
a2
)]
η = 0. (2.48)
The scale factor a is given by the universe model.
2.5.1 Friedmann universe
For the Friedmann universe with the curvature k = 0, when the energy density of the
universe is dominated by the non-relativistic matter, the scale factor a (t) given by the
Friedmann equation is [36]
a (t) =
(
3GM
π
)1/3
t2/3, (2.49)
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where M = 2π2a3ρ is the mass of the universe with ρ the density. With the scale factor
given by Eq. (2.49), the equation of the quantum fluctuation reads
η¨ +
2
t
η˙ +
[
V ′′ (Φcl)− 4χ
′′ (Φcl)
3t2
]
η = 0. (2.50)
Solving Eq. (2.50) gives
η (t) = C1
1√
t
J√ 1
4
+ 4
3
χ′′(Φcl)
(√
V ′′ (Φcl)t
)
+ C2
1√
t
Y√ 1
4+
4
3χ
′′(Φcl)
(√
V ′′ (Φcl)t
)
, (2.51)
where Jν (z) is the Bessel function of the first kind and Yν (z) is the Bessel function of the sec-
ond kind. The Bessel functions Jν (z) and Yν (z) have the asymptotics Jν (z) ∼ (z/2)ν and
Yν (z) ∼ (z/2)−ν . Then for t→ 0 we have the asymptotics η (t) ∼ C1
(√
V ′′(Φcl)
2
)√ 1
4
+ 4
3
χ′′(Φcl)
t
√
1
4
+ 4
3
χ′′(Φcl)− 12 +C2
(√
V ′′(Φcl)
2
)√ 1
4
+ 4
3
χ′′(Φcl)
t
−
√
1
4
+ 4
3
χ′′(Φcl)− 12 . Here
√
1
4 +
4
3χ
′′ (Φcl) > 12
for χ′′ (Φcl) > 0, so the Yν (z) term diverges at t→ 0. This requires C2 = 0. Then quantum
fluctuation reads
η (t) = C
1√
t
J√
1
4
+ 4
3
χ′′(Φcl)
(√
V ′′ (Φcl)t
)
, (2.52)
where C = C1.
The quantum corrected gravitational constant in the epoch of the Friedmann universe,
by Eq. (2.10), is
GQ = G
[
1− C
2
2t
χ′′ (Φcl)
χ (Φcl)
J2√
1
4
+ 4
3
χ′′(Φcl)
(√
V ′′ (Φcl)t
)]
. (2.53)
2.5.2 Inflationary universe
In the epoch of the inflationary universe, the scale factor is [36]
a (t) = exp
(√
8πGρv
3
t
)
, (2.54)
where ρv is the vacuum energy density and the curvature k = 0. Then by Eq. (2.48) the
equation of the quantum fluctuation in the inflationary epoch reads
η¨ + 3
√
8πGρv
3
η˙ +
[
V ′′ (Φcl)− 32πGρvχ′′ (Φcl)
]
η = 0. (2.55)
In the inflationary epoch, we concern ourselves with the epoch 0 < t < t0:
η = C exp
(
−
√
6πGρv
[
1 +
√
1− 1
6πGρv
V ′′ (Φcl) +
16
3
χ′′ (Φcl)
]
t
)
. (2.56)
The quantum corrected gravitational constant in the inflationary epoch by Eq. (2.10)
is
GQ = G
{
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
exp
(
−2
√
6πGρv
[
1 +
√
1− 1
6πGρv
V ′′ (Φcl) +
16
3
χ′′ (Φcl)
]
t
)}
.
(2.57)
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2.6 de Sitter spacetime
The de Sitter spacetime is described by the Robertson-Walker metric with
a (t) = a0e
√
Λ
3
t
(2.58)
and the curvature k = 0, where Λ is the cosmological constant [36]. The equation of the
unobservable field Φ with the cosmological constant by the action
I =
∫
d4x
√−g
[
χ (Φ) (R− Λ) + 1
2
gµν∂µΦ∂νΦ− V (Φ)
]
(2.59)
reads
Φ¨ + 3
a˙
a
Φ˙ + V ′ (Φ)− 6
(
a¨
a
+
a˙2
a2
− Λ
6
)
χ′ (Φ) = 0. (2.60)
The equation of the quantum fluctuation by substituting Φ = Φcl + η into Eq. (2.60),
up to the leading order, is
η¨ + 3
a˙
a
η˙ +
[
V ′′ (Φcl)− 6χ′′ (Φcl)
(
a¨
a
+
a˙2
a2
− Λ
6
)]
η = 0. (2.61)
For Λ > 0, by Eq. (2.58), we have
η¨ + 3
√
Λ
3
η˙ − [3Λχ′′ (Φcl)− V ′′ (Φcl)] η = 0. (2.62)
The solution is
η = C exp
(
−1
2
[√
3Λ +
√
3Λ + 12Λχ′′ (Φcl)− 4V ′′ (Φcl)
]
t
)
. (2.63)
The quantum correction to the gravitational constant, by Eq. (2.10), is
GQ = G
{
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
exp
(
−
[√
3Λ +
√
3Λ + 12Λχ′′ (Φcl)− 4V ′′ (Φcl)
]
t
)}
. (2.64)
2.7 Rindler spacetime
The Rindler spacetime is a spacetime region that a uniformly accelerated observer sees.
For a uniformly accelerated observer with the acceleration a in the Minkowski spacetime
[37, 38], ds2 = −dT 2 + dX2 + dY 2 + dZ2, the Rindler spacetime is described by the metric
ds2 = ±e2aξ (−dτ2 + dξ2)+ dY 2 + dZ2, (2.65)
where "+" corresponds to the R and L regions and "−" corresponds to the F and P regions
in the Rindler spacetime. In the R region, T = 1ae
aξ sinh (aτ) and X = 1ae
aξ cosh (aτ), and
in the L region, T = − 1aeaξ sinh (aτ) and X = − 1aeaξ cosh (aτ). In the R and L regions, τ is
the time and ξ is the spatial coordinate with |T | ≤ |X|. In the F region T = 1aeaξ cosh (aτ)
and X = 1ae
aξ sinh (aτ), and in the P region T = − 1aeaξ cosh (aτ) and X = − 1aeaξ sinh (aτ).
In the F and P regions, ξ is the time and τ is the spatial coordinate with |T | ≥ |X|. Here
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the Rindler coordinates (τ, ξ) are the comoving coordinates of the uniformly accelerated
observer along the X axis:
τ =
1
a
arctanh
T
X
,
ξ =
1
a
ln
(
a
√
X2 − T 2
)
. (2.66)
The equation of the unobservable field Φ, by Eq. (2.2), reads
∓ e−2aξ ∂
2Φ
∂τ2
± e−2aξ ∂
2Φ
∂ξ2
+
∂2Φ
∂Y 2
+
∂2Φ
∂Z2
− V ′ (Φ) = 0. (2.67)
In the classical picture, the gravitational constant given by Eq. (2.5) is a constant and
is related to the classical ground-state solution which is a constant solution. If the unob-
servable field Φ is a quantum field, then there is a quantum correction to the gravitational
constant. Writing the quantum unobservable field as Φ = Φcl + η and substituting into
Eq. (2.67), after variable separation η = cos (ωt)φ (ξ)P (Y,Z), we arrive at a stationary
equation of φ (ξ),
± ∂
2φ (ξ)
∂ξ2
+
[
±e−2aξω2 − V ′′ (Φcl)− κ21 − κ22
]
e2aξφ (ξ) = 0 (2.68)
and P (Y,Z) = cos (κ1Y ) cos (κ2Z), where κ1 and κ2 are the momenta in the Y and Z
directions.
In the classical picture the gravitational constant corresponds to the classical ground
state, so we only need to consider the quantum correction of the ground state. For the
ground state, ω = 0, κ1 = κ2 = 0 and then η = φ (ξ). Eq. (2.68) becomes
± ∂
2φ (ξ)
∂ξ2
− V ′′ (Φcl) e2aξφ (ξ) = 0. (2.69)
In the R and L regions, Eq. (2.69) becomes
∂2φ (ξ)
∂ξ2
− V ′′ (Φcl) e2aξφ (ξ) = 0. (2.70)
The solution is
φ (ξ) = C1K0
(√
V ′′ (Φcl)
eaξ
a
)
+ C ′1I0
(√
V ′′ (Φcl)
eaξ
a
)
, (2.71)
where Iν (z) is the modified Bessel function of the first kind and Kν (z) is modified Bessel
function of the second kind. Requiring that φ (ξ) is finite at ξ →∞, we have
η = φ (ξ) = CK0
(√
V ′′ (Φcl)
eaξ
a
)
, (2.72)
where C = C1. Then the quantum correction to the gravitational constant, by Eqs. (2.9)
and (2.10), is
GQ = G
[
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
K20
(√
V ′′ (Φcl)
eaξ
a
)]
. (2.73)
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In the F and P regions, Eq. (2.69) becomes
∂2φ (ξ)
∂ξ2
+ V ′′ (Φcl) e
2aξφ (ξ) = 0. (2.74)
The solution is
φ (ξ) = C2J0
(√
V ′′ (Φcl)
eaξ
a
)
+ C ′2Y0
(√
V ′′ (Φcl)
eaξ
a
)
. (2.75)
where Jν (z) is the Bessel function of the first kind and Yν (z) is the Bessel function of the
second kind.
Dropping the Y0 term which diverges at ξ → 0 when a is large, we have
η = φ (ξ) = CJ0
(√
V ′′ (Φcl)
eaξ
a
)
, (2.76)
where C = C2. Then the quantum correction of the gravitational constant, by Eqs. (2.9)
and (2.10), is
GQ = G
[
1− C
2
2
χ′′ (Φcl)
χ (Φcl)
J20
(√
V ′′ (Φcl)
eaξ
a
)]
. (2.77)
3 Scalar field: quantum correction of mass and coupling constant
The scheme suggested above for judging whether gravity is Einstein gravity or induced
gravity is also applicable to other matters besides gravity. In this section, we build a toy
induced scalar field model. In this model, the mass of the scalar field and the self-interacting
coupling constant of the scalar field are induced by a coupling between the matter scalar
field and an unobservable scalar field. As in induced gravity, if the unobservable scalar field
is a classical field, the induced mass and the induced coupling constant are constants, and
we cannot judge whether the theory is an induced theory through experiments. However,
in an induced theory, there exist an unobservable scalar field, and in the real physical world
such a scalar field must be a quantum scalar field. In this way, the physical constant, such
as the mass and the coupling constant, induced by the quantum unobservable field will
have a quantum correction. The quantum correction of the physical constant is generally a
function of time and spatial coordinate, so that the mass and the coupling constant of the
matter scalar field in the induced theory are functions of time and spatial coordinate.
3.1 Quantum correction of mass
The free massive matter scalar field φ is described by the Lagrangian
L =
1
2
(
∂µφ∂
µφ−m2φ2) , (3.1)
where m is the mass of the field φ.
In the model, we assume that the mass of the matter field originates from a coupling
of the matter scalar field φ to an unobservable scalar field Φ. The unobservable scalar field
Φ is described by
L =
1
2
(
∂µΦ∂
µΦ−M2Φ2) . (3.2)
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where M is the mass of the unobservable scalar field Φ.
Couple the matter scalar field φ and the unobservable scalar field Φ in the following
form,
L =
1
2
[
∂µφ∂
µφ−m2 (Φ)φ2]+ 1
2
(
∂µΦ∂
µΦ−M2Φ2) . (3.3)
The mass term of the matter field, m2 (Φ)φ2, now describes the coupling between the
matter field φ and the unobservable field Φ. From the view of the unobservable field Φ, the
potential is
Veff (Φ) =
1
2
φ2m2 (Φ) +
1
2
M2Φ2 (3.4)
consisting of a potential term 12φ
2m (Φ) and a mass term 12M
2Φ2.
The mass of the matter field, m (Φ), depends on the solution of the unobservable field
Φ. In the classical field theory, the mass of a field is a constant, so m (Φ) here should
be a constant. This requires that the unobservable field Φ is in a time-independent and
coordinate-independent classical ground state, i.e., Φ = Φ0, provided reasonably Veff (Φ) is
lower bounded. In the classical picture, the ground state Φ0 is the position of the minimum
value of the potential Veff (Φ). It should be emphasized that in the classical picture it is the
position of the minimum value of the potential Veff (Φ), rather than the form of the potential
Veff (Φ), that determines the mass of the matter field φ. The choice of the function m (Φ)
is not unique. In Eq. (3.4), we choose the position of the minimum value of m (Φ) to be
equal to the position of the minimum value of Φ2, then the position of the minimum value
of Veff (Φ) is the same as those of m (Φ) and Φ
2. The position of the minimum value of
Φ2 is Φ = Φ0 = 0. If the unobservable scalar field is a classical field, we cannot judge
experimentally whether the theory is an induced theory.
The scalar field in the real physical world, as it should be, is a quantum field. Here
we consider the case that only the unobservable scalar field Φ is a quantum field. In the
quantum picture, the mass which depends on the unobservable field Φ will have a quantum
correction. The quantum correction of Φ is no longer a constant. As a result, the mass
m (Φ) is no longer a constant, whose quantum correction may depend on the time and the
spatial coordinate.
The mass of the matter field φ, m (Φ), depends on the unobservable field Φ, so the
quantum correction to the unobservable field Φ leads a quantum correction to the mass
m (Φ). To calculate the quantum correction to the mass m (Φ), we first calculate the
quantum correction to the unobservable field Φ.
The field equation of the unobservable field Φ by the Lagrangian (3.3) reads
∂2Φ+
[
φ2m (Φ)m′ (Φ) +M2Φ
]
= 0, (3.5)
where m′ (Φ) denotes the derivative dm (Φ) /dΦ. The classical field equation has a classical
solution Φcl. To calculate the quantum correction, according to the method suggested in
Ref. [22], we write the quantum field as
Φ = Φcl + η, (3.6)
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where η is the quantum fluctuation or the quantum correction of the field. Substituting
Eq. (3.6) into Eq. (3.5), keeping only the first-order contribution, we arrive at[
∂2Φcl + φ
2m (Φcl)m
′ (Φcl) +M
2Φcl
]
+ φ2m′ (Φcl)
2 η +
{
∂2η +
[
M2 + φ2m (Φcl)m
′′ (Φcl)
]
η
}
= 0. (3.7)
The part in the first square bracket vanishes because it is just the classical field equation.
In the classical picture, the unobservable field Φ is in its classical ground state, for the mass
of the field is a constant, so m′ (Φcl) = 0. Then the equation of the quantum fluctuation
up to the first order reads
∂2η +
[
M2 + φ2m (Φcl)m
′′ (Φcl)
]
η = 0. (3.8)
It can be seen from the equation of the quantum fluctuation (3.8) that the quantum
correction depends on three factors: the classical solution of the unobservable field Φcl,
the function form of m (Φ), and the solution of the matter field φ. That is, the quantum
correction is different when the solution of the matter field φ is different. Notice that in
the classical picture the mass of the matter field φ, m (Φcl), is independent of the matter
field φ and depends only on the ground state of the unobservable field, while the classical
ground state Φ = Φ0 is a constant depending only on the position of the minimum value of
Veff.
The quantum correction to the mass of the matter field φ is determined by the quantum
fluctuation η. We expand the mass of the matter field as
m (Φ) = m (Φcl + η) = m (Φcl) +
1
2
m′′ (Φcl) η
2 + · · · , (3.9)
where m′ (Φcl) = 0 for Φcl is a minimum value.
The quantum correction to the mass of the field φ is different for different solutions of
φ, so we first solve the matter field φ from the field equation
∂2φ+m2 (Φ)φ = 0, (3.10)
which is obtained from the Lagrangian (3.3). Taking only the leading contribution into
account, we simply take m (Φ) ≃ m (Φcl) which is a constant. Eq. (3.10) then becomes
∂2φ+m2 (Φcl)φ = 0. (3.11)
The field φ is a real scalar field. The field equation (3.11) has the following real solution:
φ =
∑
n=0
An cos (ωnt) cos
(√
ω2n −m2 (Φcl)x
)
. (3.12)
As an example, we consider the case that the matter field is in the ground state. In
the ground state ω0 = m (Φcl) and φ = A0 cos (m (Φcl) t), so the equation of the quantum
fluctuation (3.8) reads
∂2η
∂t2
− ∂
2η
∂x2
+
[
m (Φcl)m
′′ (Φcl)A
2
0 cos
2 (m (Φcl) t) +M
2
]
η = 0. (3.13)
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The quantum fluctuation, after separating variables η = T (t)R (x), is given by the equa-
tions
d2T (t)
dt2
+
[
m (Φcl)m
′′ (Φcl)A
2
0 cos
2 (m (Φcl) t) + κ
2
]
T (t) = 0, (3.14)
d2R (x)
dx2
+
(−M2 + κ2)R (x) = 0, (3.15)
where κ is the variable separation constant.
The quantum correction of the real scalar should also be real. The real solutions of
Eqs. (3.14) and (3.15) are
T (t) = CT se κ2
m2(Φcl)
+
A2
0
m′′(Φcl)
2m(Φcl)
(
m (Φcl) t,−A
2
0m
′′ (Φcl)
4m (Φcl)
)
+C
′
T ce κ2
m2(Φcl)
+
A20m
′′(Φcl)
2m(Φcl)
(
m (Φcl) t,−A
2
0m
′′ (Φcl)
4m (Φcl)
)
, (3.16)
R (x) = CR cos
(√
κ2 −M2x
)
, (3.17)
where sev (z, q) is the odd Mathieu function and cev (z, q) is the even Mathieu function [39].
The quantum fluctuation η = T (t)R (x) of the matter field φ should vanish when the
mass of φ is very large, i.e., T (t)|m→∞ = 0, so we only need the odd Mathieu function:
η = C cos
(√
κ2 −M2x
)
se
κ2
m2(Φcl)
+
A20m
′′(Φcl)
2m(Φcl)
(
m (Φcl) t,−A
2
0m
′′ (Φcl)
4m (Φcl)
)
. (3.18)
The quantum corrected mass, when the matter field is in the ground state, by Eq. (3.9),
reads
m = m (Φcl) +
1
2
m′′ (Φcl)C
2 cos2
(√
κ2 −M2x
)
× se2
κ2
m2(Φcl)
+
A20m
′′(Φcl)
2m(Φcl)
(
m (Φcl) t,−A
2
0m
′′ (Φcl)
4m (Φcl)
)
. (3.19)
The quantum correction to the mass depends both on the time t and the spatial coor-
dinate x. Once the quantum fluctuation is in the ground state, i.e., κ2 = M2, the quantum
correction depends only on the time t
mφ = m+
1
2
C2m′′ (Φcl) se
2
M2
m2(Φcl)
+
A20m
′′(Φcl)
2m(Φcl)
(
m (Φcl) t,−A
2
0m
′′ (Φcl)
4m (Φcl)
)
. (3.20)
Here m = m (Φcl) is the mass of the matter scalar field. The quantum corrected part is not
a constant which, of course, is small compared to the classical mass.
3.2 Quantum correction of coupling constant
The same scheme applies also to the quantum correction of the coupling constant.
The matter scalar field φ with a self-interaction is described by the Lagrangian
L =
1
2
(
∂µφ∂
µφ−m2φ2)− λV (φ) , (3.21)
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where we extract the coupling constant λ out of the potential.
As above, we assume that the coupling constant originates from a coupling of the
matter scalar field φ to an unobservable scalar field Φ. The unobservable field Φ, described
by the Lagrangian (3.2), couples with the matter field φ in the following form:
L =
1
2
(
∂µφ∂
µφ−m2φ2)− λ (Φ)V (φ) + 1
2
(
∂µΦ∂
µΦ−M2Φ2) . (3.22)
In the model, the coupling constant λ (Φ) of the matter field φ serves as a potential of the
unobservable field Φ. From the view of the unobservable Φ, there exists a potential
Veff (Φ) = V (φ)λ (Φ) +
1
2
M2Φ2. (3.23)
The coupling constant λ (Φ) depends on the unobservable field Φ. In the classical
picture, the coupling constant is a constant, so the classical solution of the unobservable
field Φ should be a constant solution so that λ (Φ) is a constant. Therefore we require
that the unobservable Φ is in its stable classical ground state: Φ = Φ0. The classical
ground-state solution Φ0 is the position of the minimum value of the potential Veff (Φ),
given by dVeff (Φ0) /dΦ = 0. In the classical picture, the coupling constant of the matter
field φ is independent of the matter field φ itself. This requires that the coupling constant
of the matter field φ depends on, and only on, the unobservable field Φ. In order to satisfy
this requirement, we choose the position of the minimum value of λ (Φ) to be equal to
the position of the minimum value of Φ2. This choice makes the position of the minimum
value of Veff (Φ) is the same as the minimum values of λ (Φ) and Φ
2. Such a choice ensures
that the coupling constant is independent of the potential of the matter field, V (φ). The
minimum value of Veff (Φ) is at Φ = Φ0 = 0.
The unobservable scalar field Φ, as it should be, is a quantum field. This will lead a
quantum correction to the coupling constant. The quantum correction is not a constant,
but may depend on the time and the spatial coordinate.
The field equation of the unobservable field Φ, by Eq. (3.22), reads
∂2Φ+ V (φ)λ′ (Φ) +M2Φ = 0. (3.24)
Write the quantum corrected Φ as a classical solution Φcl plus a quantum fluctuation η,
Φ = Φcl + η. (3.25)
Substituting Eq. (3.25) into the field equation (3.24), expanding around η = 0, and keeping
only the first-order contribution, we arrive at an equation of the quantum fluctuation η,
∂2η +
(
V (φ)λ′′ (Φcl) +M
2
)
η = 0, (3.26)
where the classical field equation has been taken into consideration.
In the model, the coupling constant λ depends on the unobservable field Φ. If Φ is a
classical field, λ can be a constant when the classical solution of Φ is a constant solution.
However, if Φ is a quantum field, there is a quantum fluctuation as in Eq. (3.25).
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The quantum correction to the coupling constant, up to the leading contribution, is
λ (Φ) = λ (Φcl + η)
= λ (Φcl) +
1
2
λ′′ (Φcl) η
2 + · · · , (3.27)
where λ′ (Φcl) = 0 is considered.
The leading contribution of the quantum fluctuation η, by Eq. (3.26), depends on both
the classical solution of the unobservable field Φcl and the solution of the matter field φ.
The equation of the matter field φ by the Lagrangian (3.22) reads
∂µ∂
µφ+m2φ+ λ (Φ)V ′ (φ) = 0. (3.28)
To sketch the model, we consider a simple toy example with the potential
V (φ) =
1
2
αφ2, (3.29)
where α > 0. Taking only the first order contribution into account, we take Φ ≃ Φcl. Then
Eq. (3.28) becomes
∂2φ+m2φ+ αλ (Φcl)φ = 0, (3.30)
which has the following real field solution
φ =
∑
n=0
An cos (ωnt) cos
(√
ω2n −m2 − αλ (Φcl)x
)
. (3.31)
As a simple example, we only consider a single mode solution of ω20 = m
2 + αλ (Φcl):
φ = A1 cos
(√
m2 + αλ (Φcl)t
)
. (3.32)
Substituting Eq. (3.32) into (3.26) gives the equation of the quantum fluctuation,
∂2η
∂t2
− ∂
2η
∂x2
+
[
1
2
αA21λ
′′ (Φcl) cos
2
(√
m2 + αλ (Φcl)t
)
+M2
]
η = 0. (3.33)
By separating variables η = T (t)R (x) and noting that the quantum fluctuation η
should be a real function, we arrive at
R (x) = C1 cos
(√
κ2 −M2x
)
, (3.34)
T (t) = C2 se 4κ2+A2
1
αλ′′(Φcl)
4m2+4αλ(Φcl)
(√
m2 + αλ (Φcl)t,− A
2
1αλ
′′ (Φcl)
8 [m2 + αλ (Φcl)]
)
+ C3 ce 4κ2+A21αλ′′(Φcl)
4m2+4αλ(Φcl)
(√
m2 + αλ (Φcl)t,− A
2
1αλ
′′ (Φcl)
8 [m2 + αλ (Φcl)]
)
. (3.35)
The quantum fluctuation should vanish when the mass tends to infinity, so C3 = 0. Then
we arrive at
η = C cos
(√
κ2 −M2x
)
se 4κ2+A2
1
αλ′′(Φcl)
4m2+4αλ(Φcl)
(√
m2 + αλ (Φcl)t,− A
2
1αλ
′′ (Φcl)
8 [m2 + αλ (Φcl)]
)
, (3.36)
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where C = C1C2. The coupling constant with the quantum fluctuation by Eq. (3.27) is
λ = λ (Φcl) +
C2
2
λ′′ (Φcl) cos
2
(√
κ2 −M2x
)
× se2
4κ2+A2
1
αλ′′(Φcl)
4m2+4αλ(Φcl)
(√
m2 + αλ (Φcl)t,− A
2
1αλ
′′ (Φcl)
8 [m2 + αλ (Φcl)]
)
. (3.37)
The quantum correction to the coupling constant depends on both the time t and the
spatial coordinate x. Once the quantum fluctuation is in the ground state, κ2 = M2, the
quantum correction depends only on the time t:
λφ = λ (Φcl) +
C2
2
λ′′ (Φcl) se
2
4M2+A2
1
αλ′′(Φcl)
4m2+4αλ(Φcl)
(√
m2 + αλ (Φcl)t,− A
2
1αλ
′′ (Φcl)
8 [m2 + αλ (Φcl)]
)
.
(3.38)
Here λ = λ (Φcl) is the constant coupling constant in the classical picture.
4 Mechanics: quantum correction of mass and coupling constant
To illustrate the model intuitively at an elementary level, moreover, we finally build a
mechanical model. In the model, the physical constant, e.g., the mass and the coupling
constant, originates from a coupling between the matter and an unobservable background
matter. As in the above, in the classical picture, the mass and the coupling constant of a
mechanical system are constants. However, in the quantum picture, since the unobservable
matter obeys quantum mechanics, the mass and the coupling constant induced by the
unobservable matter will have a quantum correction which depends on time and space. As
a result, the mass and the coupling constant of the matter vary with the time and the
spatial coordinate.
4.1 Quantum correction of mass
First build an induced mechanical model of the mass. In classical mechanics, a mechanical
system is described by the Lagrangian
Lx (x, x˙) =
1
2
mx˙2 − U (x) , (4.1)
where m is the mass and U (x) is the potential. In the model, we assume that the mass
originates from a coupling between the matter mechanical system and an unobservable
mechanical system. Concretely, we introduce an unobservable mechanical system described
by the Lagrangian
Ly (y, y˙) =
1
2
My˙2 − V (y) . (4.2)
Here and after, we call the matter system the x-system and the unobservable system the
y-system for convenience.
To induce a mass in the matter mechanical system, we couple the x-system and the
unobservable y-system in the following form:
L (x, x˙; y, y˙) =
1
2
m (y) x˙2 − U (x) + 1
2
My˙2 − V (y) . (4.3)
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From the view of the x-system, m (y) is the mass, while form the view of the y-system,m (y)
is a potential. It is the kinetic energy term 12m (y) x˙
2 in x-system describes the coupling
between the x-system and the y-system.
In the classical mechanics picture, the Newtonian equations of motion by the La-
grangian (4.3) are
d
dt
(m (y) x˙) = −dU (x)
dx
, (4.4)
My¨ = −dV (y)
dy
+
1
2
x˙2
dm (y)
dy
. (4.5)
The potential of the y-system is
Veff = V (y)− 1
2
x˙2m (y) . (4.6)
The mass of the x-system, m (y), depends on the solution of y in the y-system. The
mass of the matter x-system is a constant. This requires that the unobservable y-system
stays in a time-independent stable state. A reasonable choice is that the y-system stays in
the classical ground state y = y0, a motionless state. In classical mechanics, the motionless
solution y = y0 is the position of the minimum value of Veff. In the classical mechanics
picture, the mass of the x-system should be independent on the solution of the x-system.
This implies that in Eq. (4.6) though Veff depends on x˙, the position of the minimum value
of Veff must be independent of x˙. We might as well choose V (y) and m (y) so that the
position of the minimum value of m (y) is the same as the position of the minimum value
of V (y). Therefore the position of the minimum value of Veff is the same as that of V (y)
and m (y), i.e., dVeff(y0)dy =
dm(y0)
dy =
dV (y0)
dy = 0.
In this model, the mass in the x-system is determined by the potential in the y-system,
or more concretely, by the position of the minimum value of the potential in the y-system:
m = m (y0) (4.7)
with y0 determined by
dV (y0)
dy
= 0. (4.8)
In the classical picture, the unobservable y-system obeys classical mechanics. The mass
depends only on the position of the minimum value of the potential in the y-system, no
matter what the function form of the potential is. The mass of the x-system is a constant
and does not depend on the potential of the x-system.
A mechanical system, as it should be, obeys the quantum mechanics. In the following,
we show that in the model, if the unobservable y-system obeys quantum mechanics, there
is a quantum correction to the mass of the x-system. The quantum correction, however, is
no longer a constant.
In the classical mechanics picture, the unobservable y-system is in the classical ground
state so that the observable mass of the x-system is a constant. In the quantum mechanics
picture, the y-system is still in the ground state. However, in the quantum model, the
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energy level is discrete, so there exists an energy gap which ensures an nonzero mass. The
quantum ground state is no longer a constant, but may depend on the time and the spatial
coordinate.
In order to calculate the quantum correction, following the method in quantum field
theory used above, we write the quantum-corrected solution of the unobservable y-system
as
y = ycl + η, (4.9)
where ycl is the classical solution and η is the quantum fluctuation. The mass in the
x-system can be expanded as
m (y) = m (ycl) +m
′ (ycl) η +
1
2
m′′ (ycl) η
2 + · · · . (4.10)
Since the classical solution ycl is the minimum value of m (y), we have m
′ (ycl) = 0. The
leading quantum correction to the mass is a second-order contribution:
m (y) = m (ycl) +
1
2
m′′ (ycl) η
2 + · · · . (4.11)
We first solve the quantum fluctuation η. Substituting Eq. (4.9) into Eq. (4.5) and
keeping only the first order in η, we arrive at[
My¨cl + V
′ (ycl)− 1
2
m′ (ycl) x˙
2
]
+
[
Mη¨ + ηV ′′ (ycl)− 1
2
ηm′′ (ycl) x˙
2
]
= 0. (4.12)
Taking the classical equation of motion, Eq. (4.5), into consideration, we obtain an equation
of the quantum fluctuation η:
Mη¨ + V ′′ (ycl) η − 1
2
m′′ (ycl) x˙
2η = 0. (4.13)
In the model, the solution of the classical equation of the unobservable y-system, ycl,
is the ground-state solution: ycl = y0 with y0 the position of the minimum value of the
potential of the y-system.
The quantum fluctuation η, from Eq. (4.13), depends also on the solution of the x-
system. That is, the quantum fluctuations for different states of the x-system are different.
As the leading contribution, we only consider the classical solution of x-system. For the
x-system, in classical mechanics we have
E =
1
2
m (ycl) x˙
2 + U (x) . (4.14)
This gives
x˙ =
√
2
m (ycl)
[E − U (x)]. (4.15)
Substituting Eq. (4.15) into the equation of the quantum fluctuation (4.13) gives
Mη¨ +
{
V ′′ (ycl)− m
′′ (ycl)
m (ycl)
[E − U (x)]
}
η = 0. (4.16)
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The solution of the x-system can be solved from the equation of motion of the x-system.
To illustrate, we consider a simple toy model. Consider an x-system with the potential
U (x) = 12αx
2. In principle, the x-system is also dominated by quantum mechanics, but as
the zeroth order approximation we consider the classical equation of motion instead:
m0x¨+ αx = 0, (4.17)
where m0 = m (ycl)|ycl=y0 is the mass in classical theory. Eq. (4.17) has a solution
x = cos
√
α
m0
t, (4.18)
so
x˙ = −
√
α
m0
sin
(√
α
m0
t
)
. (4.19)
Then the equation of the quantum fluctuation by substituting Eq. (4.19) into (4.13) be-
comes
Mη¨ +
[
V ′′ (ycl)− 1
2
α
m′′ (y0)
m0
sin2
(√
α
m0
t
)]
η = 0. (4.20)
The solution is
η = C se−αm′′(y0)−4m0V ′′(y0)
4αM
(
−m
′′ (y0)
8M
,
√
α
m0
t
)
+ C ′ ce−αm′′(y0)−4m0V ′′(y0)
4αM
(
−m
′′ (y0)
8M
,
√
α
m0
t
)
. (4.21)
The quantum effect should vanish when the mass M tends to infinity. When M → ∞,
η ∼ C se0
(
0,
√
αt√
m0
)
+ C ′ ce0
(
0,
√
αt√
m0
)
. The ce0 (0, z) term does not vanish, so C
′ = 0. We
have
η = C se−αm′′(y0)−4m0V ′′(y0)
4αM
(
−m
′′ (ycl)
8M
,
√
α
m0
t
)
. (4.22)
The quantum corrected mass by Eq. (4.11) reads
m = m0 +
C2
2
m′′ (y0) se
2
−αm′′(y0)−4m0V ′′(y0)
4αM
(
−m
′′ (y0)
8M
,
√
α
m0
t
)
. (4.23)
The quantum correction to the mass depends on the motion state of the matter x-
system. The quantum correction is no longer a constant but depends on the time and
the spatial coordinate, determined by the solution of the x-system and the solution of the
y-system. Nevertheless, the quantum correction is small, which is a second-order quantum
contribution.
4.2 Quantum correction of coupling constant
Similarly, we consider the quantum correction to the coupling constant.
First rewrite the Lagrangian of the matter x-system, Eq. (4.1), as
Lx =
1
2
mx˙2 − λU (x) , (4.24)
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where we on purpose extract the coupling constant λ out of the potential.
Suppose that there exists an unobservable mechanical system, the y-system, described
by the Lagrangian (4.2).The coupling constant originates from the coupling between the
matter x-system and the unobservable y-system. The coupling between the matter x-system
and the unobservable y-system is introduced as
L =
1
2
mx˙2 − λ (y)U (x) + 1
2
My˙2 − V (y) . (4.25)
Here λ (y) plays the role of the coupling constant in the x-system, but plays the role of a
potential in the y-system.
The classical mechanical equations of motion, by the Lagrangian (4.25), reads
mx¨ = −λ (y) dU (x)
dx
, (4.26)
My¨ = −dV (y)
dy
− U (x) dλ (y)
dy
, (4.27)
In the y-system, the potential is
Veff = V (y) + U (x)λ (y) . (4.28)
In the model, the coupling constant λ (y) depends on the solution of the unobservable
y-system. The coupling constant in the classical mechanics is a constant, so in the classical
mechanical version of the model, the y-system should be in the ground state y = y0 which
is a constant solution of the equation of motion. y0 is the position of the minimum value
of Veff.
By the same reason, to avoid the coupling constant depends on the potential of the
y-system, we might as well choose the positions of the minimum values of V (y) and λ (y)
are the same, so that the position of the minimum value of the potential of the y-system,
Veff, is also the same as that of V (y) and λ (y).
In the model, the coupling constant in the x-system is determined by the position of
the minimum value of the potential of the y-system:
λ = λ (y0) (4.29)
with y0 determined by Eq. (4.8).
The quantum correction to the coupling constant can be obtained similarly as in the
mass case.
Expanding the coupling constant in the x-system,
λ (y) = λ (ycl + η)
= λ (ycl) + ηλ
′ (ycl) +
1
2
η2λ′′ (ycl) + · · · , (4.30)
we arrive at
λ = λ (ycl) +
1
2
λ′′ (ycl) η
2 + · · · , (4.31)
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since λ′ (ycl) = 0.
To calculate the quantum correction of the coupling constant, we first calculate the
quantum fluctuation of the equation of motion (4.27). Substituting Eq. (4.9) into Eq. (4.27)
and keeping only the first-order contribution, we arrive at the equation of the quantum
fluctuation,
Mη¨ +
[
V ′′ (ycl) + U (x)λ
′′ (ycl)
]
η = 0. (4.32)
Also take the potential U (x) = 12αx
2 as an example. Using the classical equation of
motion
mx¨ = −αλ0x (4.33)
as the zeroth order approximation, we have a solution of the x-system:
x = A cos
(√
αλ0
m
t
)
(4.34)
where λ0 = λ (ycl)|ycl=y0 . In this toy model, we take A = 1. Then the equation of the
quantum fluctuation (4.32) becomes
Mη¨ +
[
V ′′ (y0) +
1
2
α cos2
(√
αλ0
m
t
)
λ′′ (y0)
]
η = 0. (4.35)
Similarly, in consideration of that the quantum fluctuation should vanish when M is large,
the solution of Eq. (4.35) is
η = C sem[4V ′′(y0)+αλ′′(y0)]
4Mαλ0
(
−mλ
′′ (y0)
8αλ0M
,
√
αλ0
m
t
)
. (4.36)
Then the quantum corrected coupling constant by Eq. (4.31) reads
λ = λ0 +
C2
2
λ′′ (y0) se
2
m[4V ′′(y0)+αλ′′(y0)]
4Mαλ0
(
−mλ
′′ (y0)
8αλ0M
,
√
αλ0
m
t
)
. (4.37)
5 Conclusions and outlook
Induced theory, such as induced gravity, is a candidate theory describing the origin of
physical constants. However, taking the induced gravity as an example, since the value
of the gravitational constant in induced gravity is the same as the value in Einstein’s
gravity, it is difficult to distinguish through experiments whether gravity is induced gravity
or Einstein’s gravity. We suggest a criterion for judging whether a theory is an induced
theory. In an induced theory, there is an unobservable field and the physical constant
originates from the coupling between the matter field and this unobservable field. A real
physical field should be a quantum field. When the unobservable field in the induced
theory is a quantum field, the physical constant will have a quantum correction and this
quantum correction varies with time and space. This means that if the theory is an induced
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theory, then the physical constant is no longer a constant. The quantum corrected of
the gravitational constant is different in different spacetime. We calculate the quantum
corrected gravitational constant in the Schwarzschild spacetime, the H3 (Euclidean AdS3)
spacetime, the H3/Z spacetime, the universe models, the Rindler spacetime, and the de
Sitter spacetime.
In addition to gravity, we also build two other toy induced theory models. One is an in-
duced scalar field model. In this model, the mass and the self-interacting coupling constant
of the matter scalar field originate from a coupling between the matter field and an unob-
servable scalar field, so that there is a time- and space-dependent quantum correction. The
other toy model is an induced mechanical model. In this mechanical model, the mass and
the coupling constant of a mechanical system originate from a coupling of the mechanical
system with an unobservable mechanical system. If this unobservable mechanical system
is a quantum mechanical system, there is a time- and space-dependent quantum correction
for the mass and the coupling constant.
The main aim of this paper is to conceptually and qualitatively illustrate in an induced
theory the physical constant may not be a constant but may vary with time and space.
We only consider simple conceptual toy models. In a more realistic and therefore more
complex induced theory, the choice of the unobservable scalar field will take into account
more factors, such as symmetry breaking. But the criterion for judging whether a theory
is an induced theory will still be whether the physical constant varies with time and space.
That is to say, if we observe physical constants varying with time and space in experiments,
then the theory is likely to be an induced theory.
It is worth noting that if a theory is an induced theory, the physical constant in the
theory originates from coupling with an unobservable quantum field. If the unobservable
field is in a bound state, the induced physical constant, e.g., the mass and the coupling
constant, will likely have a nonzero minimum. This implies that in an induced theory, even
if the physical constant in the classical picture is zero, there will exist a nonzero quantum
correction. In other words, in an induced theory, the physical constant will have a minimum
value, similar to the energy gap.
The matter fields considered in this paper are all classical fields, although the unob-
servable fields are quantum fields. The same processing applies also to the case where the
matter field is a quantum field.
In this paper, we show that if gravity is induced gravity, then the gravitational con-
stant will have a quantum correction. This correction is small, only at a quantum level.
Nevertheless, there are studies show that even a small change in the gravitational constant
will lead a remarkable influence on the evolution of the universe, for big bang nucleosyn-
thesis is very sensitive to the value of the gravitational constant [19]. This inspires us to
study the influence of such a quantum level change of the gravitational constant in cos-
mology. In particular, the quantum-corrected gravitational constant varies with time and
space, which will influence the black hole and the Hawking radiation. In further work, we
will consider the black hole solution under the quantum-corrected gravitational constant
and its influence on the Hawking radiation, especially the species problem of the black
hole entropy [40]. The gravitational constant in induced gravity originates from a coupling
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between gravity and a scalar field. In the induced gravity model, we in principle need to
consider the solution of a scalar field in a certain spacetime. Previously, the solution of a
scalar field in a spacetime is solved under the premise that the gravitational constant is
a constant [41–44]. The quantum-corrected gravitational constant, however, is no longer
a constant, so we need to reconsider the solution of the scalar field in curved spacetime
under the time- and space-dependent quantum-corrected gravitational constant. After all,
directly judging whether gravity is induced gravity is to measure the gravitational constant.
The measurement of the gravitational constant is always a basic experimental problem in
physics [45–47].
In this paper we also construct an induced scalar field model. In this model, both
the mass and the self-interaction coupling constant of the scalar field originate from the
coupling of the matter scalar field with an unobservable scalar field. Similarly, when the
unobservable scalar field is a quantum field, the mass and the coupling constant will have a
quantum correction that varies with time and space. The variation of the physical constant
with time and space is a pure quantum effect. In future work, we will discuss the effect of
quantum correction of physical constants, such as the mass and the coupling constant, on
various properties of matter fields. It is worthy to consider the effects of quantum correction
of physical constants, such as mass and coupling constant, on various properties of matter
fields. In particular, the one-loop effective action, the vacuum energy, and other spectral
functions are important characteristic quantities of matter fields [48–53]. The quantum
correction of physical constants will influence such spectral functions of matter fields. We
may calculate the one-loop effective action, the vacuum energy, and other spectral functions
of the quantum field under the quantum-corrected physical constant.
In order to illustrate our treatment at an elementary level, we build an induced me-
chanics model to demonstrate the origin of physical constants in an induced mechanics
model. In this mechanical model, we suggest a method to approach the quantum result
from a classical mechanics model. This method can be further developed on broader issues.
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